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Abstract:

In this paper, we introduce definition of new transformation
which we call it Al-Zughair transform. Also, we introduce properties,
theorems, proofs and transformations of the constant functions,
logarithms functions and other functions. Also, we introduce how we
can use this transformation and its inverse to solve new type of linear
ordinary differential equations, which we have presented in this
research. (This transformation is discovered by prof. Ali Hassan
Mohammed).
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INTRODUCTION:

Laplace transformation [1]is considered as one of the important
transformations which is known to solve the L.O.D.E. with
constants coefficients and subject to some initial conditions and
which has the general formula:
dny dn—ly dy
ay T +a; o1 + -4+ “”‘1E +a,y =f(x)

Where ay,a;..,a, are constants. With one condition that
Laplace transformation of the function f(x) is defined. In this
paper we define a new transformation which is work to solve
the L.O.D.E with logarithms coefficients (new type of linear

ordinary differential equations) which has the general form:
n n-—1
y

y _
ay (Inx)™ o + a; (Inx)™ 1 e

=f(x)
Where ay, a; ..., a, are constants. This transformation is defined
for some functions for example constant functions, logarithm

dy
+ -t a4 Inx Ix +ayy

functions, and other functions.

Definition(1):[2]
Let fis defined function at interval (a,b) then the integral
transformation for f whose it's symbol F(p) is

defined as:
b

Fo) = [ koo f() dx

a
Where k is a fixed function of two variables, called the kernel of

the transformation, and a, b are real numbers or Foo, such that
the above integral converges.

Definition (2): Al-Zughair transform for the function f(x), we
denote by Z[f(x)] ,where x €[1,e] is defined by the following
integral:
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(lnx)p

ZIf ()] = f()dx = F(p)

Such that this integral is convergent ,p>—1

Property (1) : (Linear property)

Z[Af (x) £ Bg(x)] = AZ[f(x)] £ BZ[g(x)], where A and B are

constants, the functions f(x) and g(x) are defined when
€[1,e]

Proof:

[\

(Inx)P

X

Z[Af(x) £ Bg(x)] = [Af (x) + Bg(x)]dx

(lnX)p (Inx

H\m'—‘\

Af(x) dx +f " B g(x) dx

(lnx)”

f(x)dx £ B f C "; 9(x) dx
1 1
= AZ[f(x)] £ BZ[g(x)]

Transformations for some functions:

We are going to find the Z-transformation for some functions,
like the fixed functions, logarithm functions, polynomial
functions and other functions.

1-If f(x) =1, p>—1,then

201] = —
_p+1
Proof:
[ (Inx)? (nop+1° 1
=f nx (Ddx = nx _
x pt1 |, p+tl

1
2-If f(x) =k, p> —1andk is constant , then
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k
k] =——
20 =
Proof:
[ (Inx)? [ (Inx)? n0P*° &
_ nx .kdxzkf nx dx = k nx _
/ / x p+1 , bt 1
3-If f(x) = (nx)", p>—(n+ 1), then
1
nx)"| = —
Proof:
e
Inx p Inx)P*n
Z[(Inx)"] = ( ) (Inx)"dx = f%dx
(lnx)p+n+1 e 1
Cp+n+1 1_p+(n+1)
4-If f(x) =Ininx, p > —1 ,then
-1
Z[Inlnx] = o 1)2
Proof:
e
Z[Inlnx] f lnlnx dx
1
Integrate by part,
Let u =Inlnx = du=x"'(lnx)"'dx , and dv (lnx) dx =
_ (inx)pt?
T ops1
: (Inx)P (Inx)P*1|° (Inx)P
f Inlnx dx = Inilnx . j dx
p+1 |, p +1
_ -1
C(p+1)?
5-If f(x) = (Inlnx)™, p>—-1,n=123,... ,then
(D™ n!
n o ——
Z[(Inlnx)™] TR
Proof:
if n=1
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= Z[Ininx]
-1
::Egi;_iji fr0n3(4)
if n=2
Z[(Inlnx)?] f (lnlnx)2 dx

1
Integrate by part,

Let u = (Inlnx)? = du = 2x~! (Inx) tininx dx ,

(Inx)P (Inx)Pt?
dx =
x  —

and , dv = =
x p+1

f( nx)? (Inlnx)?dx
1

Inx)P+1|° Inx)P
= (Inlnx)? (p-l?l p+1f( ) Inlnx dx
1
-2 -1 2

Tp+1 p+1Z (p+1)p
if n=3

e

Z[(Inlnx)3] f

1

(lnlnx)3 dx

Integrate by part,

Let u = (Inlnx)® = du = 3x7! (Inx) "1 (Ininx)? dx ,

(Inx)P (Inx)P+t
= p=-"—

x v p+1

and dv =

f ()™ (Inlnx)3dx

1

+1|€ ¢
= (Inlnx)3 (l;zx-zpl 1 — ” i 1-! (ln;c)p (Inlnx)? dx
-3 (=2)(-1) -3.(-2(-1 -3
P+l (1D +D (p+ DY

if n=4
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e

Z[(Inlnx)*] = f

1

(Inx)P

(Inlnx)* dx

Integrate by part,

Let u = (Inlnx)* = du = 4x~! (Inx) 1 (Inlnx)3dx ,

(Inx)P (Inx)P+?
Sp=—T

and dv = =
X p+1
e
Inx)P
f(nx) (Inlnx)*dx
x
1
(Inx)P+1|° (Inx)P
_ 4 4
= (Inlnx) P+l |, p+ 1f (Inlnx)* dx
-4 (-D(-2)(-3) _ P
Tp+1lT (p+1)P T (p+ D
Thus ,
(-D"n!
Z[(lanlX)n] = (p-l-—l)n ,n=123,..
6- If f(x) =sin(alnlnx), p>—1 ,a € R ,then
—a
[sm(alnlnx)] m
Proof:

sin(alninx) dx

Z[sin(alnlnx)] =f(ln;c)p
1

e , .
(lnx)p elalnlnx _ e—talnlnx
= f 57 dx

X l

1

f(lnx)p ((lnx)ia —(Inx)"ia >
= - dx
X 21

e . e .
l p+ia l p—ia
j% e — f%dx
X X

e . e .
l p+ia l p—ia
j% e — f%dx
X X

EUROPEAN ACADEMIC RESEARCH - Vol. IV, Issue 8 / November 2016
7040



Ali Hassan Mohammed, Bashir Abd Al-Rida Sadiq, Ayman Mohammed Hassan Ali-
Solving New Type of Linear Equations by Using New Transformation

(lnx)p+ia+1 (lnx)p—ia+1]e

:Z ptia+1 B p—ia+1 )

_1[ 1 1 ]
" 2ilp+tia+1l p-ia+1

_ —a
T (p+1)2+a?
7-If f(x) = cos(alnlnx), p > —1,a € R , then
I Inlnx)] = p+1
cos(alnlnx) b+ 12+ a2
Proof:
: (Inx)P
Z[cos(alnlnx)] = j . cos(alninx) dx
1
e . .
(lnx)p ezalnlnx + e—talnlnx
= f ( >dx
X 2
1

f (Inx)P ((lnx)‘a +(Inx)~@ >
> dx
1

X

. e .
l p+ia l p—ia
f LI f (G
X X

'(lnx)p+ia+1 (lnx)p—ia+1]e

1

2|p+ia+1  p—ia+1]
1.

2

1 1
- _p+ia+1+p—ia+1]
_ p+1
Tt

8- If f(x) =sinh(alnlnx), |p+ 1| >a, a€R ,then
Z[sinh(alnlnx)] = #
Proof:
e

Z[sinh(alninx)] = f

1

sinh(alnlnx) dx
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e
(lnx)p ealnlnx _ e—alnlnx
= f dx
X 2

1

f(lnx)p ((lnx)a —(nx)™@ )
= dx
/ X 2

e e
1 Inx)Pta Inx)P~¢
_1 dex-f%dx
2 X X
1 1

e e
1 l pta l p-a
= f —( nx) dx — f —( nx) dx
2 X X
1 1

B 1 ‘(lnx)p+a+1 (lnx)p—a+1 e
_2_p+a+1 p—a+11
_ 17 1 1 ]
" 2lp+ta+1l p-a+1
B —a
St D?P-a
9-If f(x) = cosh(alnlnx), |p+1| > a, a € R, then
Z[cosh(alninx)] = —F—1
cosh(alninx i
Proof:
e (Inx)P
Z[cosh(alninx)] = f . cosh(alnlnx) dx
1
° (lnx)p ealnlnx + e—alnlnx
= f < )dx
x 2
1

f(lnx)p ((lnx)“ +(Inx)~@ )
= dx
/ X 2

e e
1 l pt+a l p—a
f —( nsz dx + f —( nx) dx

X

2
1 1
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e e
1 l pta p—a
=— f —( nx) dx + f —(lnx) dx
2 x X
1 [(nx)Prert  (Inx)Pot? ’
~2|p4+a+l  p—a+1 )
17 1
== +
2lp+a+1 p-a+1
__p+tt
Cpt+D?-a?
Theorem(1):
If Z[f(x)] = F(p) and a is constant, then Z[(Inx)?f(x)] = F(p +
a)
Proof:
[ (Inx)?
Z[(inx)] :j (Inx)%f(x) dx
L
x)P+a
=f f(x) dx
1
= F(p+a)
For example:
" _pFSs
Z [(Inx)*cosh(6lninx)] = @ +5)7—36
—9l
)
— Z[Inx (Inlnx)°] = @+ 2)10

Definition(3):
Let f(x) be a function where ,x € [1,e] and Z[f (x)] = F(p) , f(x)
is said to be an inverse for the Al-Zughair transform and
written as:

“1[F(p)] = f(x) where Z~! returns the transformation to the
original function.
For example:

71 [L] =k ; p>—1, since Z[k] =L
p+1 p+1
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71 [;] =(Mnx)";p>—-(n+1)
p+(n+1) ' P

1
. nl] — _—
since Z[(Inx)"] = pr(n+ 1)
. (D™ n! n . n
7 (p+—1)” = (Inlnx)™; p > —1, since Z[(Inlnx)"]
_ =D"n!
- (p + 1)n+1
7-1 [Mﬁ] = sin(alnlnx) ; p>—1
since,  Z[sin(alnlnx)] = m
+1
7-1 [(p-l-pl)—z—az] = cosh(alnlnx) s lp+1>a
. p+1
since, Z[cosh(alnlnx)] = CEE

Z~! has the linear property as it is for the transformation Z .i.e
77 a Fi(p) £ axF,(p) £ -+ + anFy(p) ]

= a7 Fi(p)] £ @27 [Fo(0)] £ -+ £ an 27 [F ()]
a1 fi(x) £ axfo(x) £ £ apfp(x)
Where a,,a,,..,a, are constants, the functions
f1(0), fo(x), -+, fr(x) are defined when x € [1,e].

Theorem (2): If Z7[F(p)]=/f(x),thenZ ' [F(p+a)] =
(Inx)4f (x)
Where a is constant.
Proof:
Z7'F(p + a)] = (Inx)*f (x) = (Inx)* Z7'[F (p)]

For example:

1- 771 [ ] _ (Inx)~7sinh(4Ininx)
(p—6)%—16 4
— p+4 R p+3 1
2= 7 [(p+3)2+25]_Z [(p+3)2+25+(p+3)2+25]
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= (Inx)? cos(5Ininx)

1
-y (Inx)? sin(5lninx)

New Type of Linear Ordinary Differential Equations

Definition (4): The equation
n n-1

ay(Inx)" EZ + a;(Inx)" 1

=f(x)
Where ay,a; ...,a, are constants and f(x) is a function of x, is
called Ali’s Equation

Yy
dxn—l

dy
+ -+ a1 Inx Ix +a,y

Solving the Linear Differential Equations with
Logarithm Coefficients

One of the most important applications of the Z-transform is
solving the linear differential equations with logarithm
coefficients. Transforming the L.O.D.E. into algebraic equation
in y(p) is done by transforming the derivations and their
coefficients and the function f(x) to the new formulas .After

transforming the equation
le n—-1
-1

ao(Inx)" Fren + a;(Inx)"

=f)

into an algebraic equation, we are going to find the inverse

y dy
1 + -t ap_ Inx TIx +a,y

transformation for this algebraic equation and the result will be
the solution of the differential equation .

Theorem(4):
If the function y(lnx) is defined for x € [1,e] and its derivatives
yD(lnx) ,y@ (Inx), ...,y (Inx) are exist then:
2[(tnxy"y ™ (tn)] = y* D (1) + (— 1)@ + )y ™2 (1)
+ED p+m(p + (- D)y () + -
+@+n) (p+ (= 1)..(p+2)y(D) + (D" + ! Z[y(Inx)]
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Proof:
If n=1,
e e
, _( Unx)P . _ [ )Pt
Z[lnx y'(Inx)] = . Inx y'(Inx) dx = — Y (Inx) dx
1 1
Inx)P
Let u= (Ix)P*! = du=(p+1) ( n;c) dx
(1
dv = 4 (xnx) dx = v =y(lnx)
e
l p+1
f % y'(Inx) dx

= (Inx)P* .y (Inx) |

-(p+ 1)] (ln;c)p Inx y(lnx) dx

1
=y - (+1Zy(nx)]

If n=2,
+2
Z[(Inx)? y" (Inx)] = f (Inx)” y" (Inx) dx
+1
Let u= (Ix)P*? = du=(p+ Z)UnXT)pdx
dv = y(Inx) dx = v =y'(Inx)
: +2
Jw y" (Inx) dx
J X
+1
= (Inx)P*2.y'(Inx) ¢ — (p + 2)[ (Inx)” y(Inx) dx
=y'(1)—(p+2)Z[inx.y'(Inx)]
=y’ (M -@+2DyD)+@+2@+1)Zydnx)]
If n=3,
: +3
Z[(Inx)3 y"" (Inx)] = I% y"" (Inx) dx
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(Inx)P+?
Let u= (Inx)P*3 = du=(p+ B)de
24 lnx
dv = % dx = v=y"(lnx)

: (Inx)P+3
fT y""(Inx) dx
1

x)p+2

e
l
= (Inx)P*3.y" (Inx)|¢ — (p + 3) f (HT y" (Inx) dx
1

=y"(1) = (p + 3) Z[(Inx)* . y" (Inx)]
=y" M -@+3)y'D+@+3)@+2)yQ)
—(@+3)(@+2)(p+1)Zy(nx)]
Then ,
Z[(tlnx)*y ™ (Inx)] = y* V(1) + (—D™(p + n)y ™2 (1)
+ED T+ n)(p+ (= D)y 4
+@+n) (p+ (n—1)...(p+2)y(D) + (=D"(p + n)! Z[y(Inx)]

Example(1): To find the solution of the differential equation

Inx y' — 4y = sinh(2In(lnx)) ; y(1) =-3 ,y =y(Inx)

We take Z-transform to both sides of above equation we get :
Z[lnx y'(Inx)] — 4 Z[y(Inx)] = Z[sinh(2In(Inx))]

-2
YD) =+ D 2y (0] =4 2y (n0)l = oy
-2
3=+ ZlyUn0l = e =g
—3p? —6p + 11

2ynol = ey e+ D2 — 4

By taking Z~!-transform to both sides of above equation we get:

1 A Bp+C
y=1 [ +
P+5 @+D*-4
A+B=-3 (1)
24+5B+C=-6 = (2)
—34+45C= 11 - (3)

Hence ,
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A= —-17 B -1 - 1
6 7 6 72
-17 1 1
s~ y(lnx) = ¢ (Inx)* — zcosh(Z In(lnx)) — ?smh(z In(Inx))
~17 1 1
=y(x) = 6 x* — Ecosh(Z Inx)— ?smh(Z Inx)

Example (2): To find the solution of the differential equation
(Inx)? y"(Inx) — Inx y'(Inx) + y(Inx) = In(Inx)  ; y(1)
=-1, y'(1) =2,y =y(lnx)
We take Z-transform to both sides of above equation we get :
Z[(Inx)? y" (Inx)] — Z[Inx y' (Inx)] + Z[y(Inx)] = Z[In(Inx)]
YD) -@+2)y)+(p+2)p+ DZy(nx)] - y(1)
-1
1 =
+(p + DZ[y(Inx)] + Z[y(Inx)] o+ D2
_—p*—=7p*-11p—10
ol ==+ 2y
By taking Z~!-transform to both sides of above equation we get

Z_l[ A 4 B 4 C 4 D

y p+1 (@+1? p+2 (p+2)?
A+C=-1 - (4)
5A+B+4C+D=-7 - (5)
8A+4B +5C +2D = —11 - (6)
4A+4B+2C+D =—6 - (7)

Hence,
A=2,B=-1, C=-3, D=—-4
y(Inx) = 2 + I n(Inx) — 3inx + 4(Inx). (In(Inx))
= y(x)=2+1Inx—3x+4xInx
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